We give an upper bound for the largest eigenvalue of a nonregular graph with n vertices and the largest vertex degree ∆.
Introduction
Let G = (V, E) be a connected simple graph with n = |V | ≥ 2 vertices and E ⊆ V 2 . Let A be an adjacency matrix of G and let λ 1 ≥ λ 2 ≥ · · · ≥ λ n be the eigenvalues of A. Let d i , i ∈ V , denote the degree of a vertex i and let ∆ = max i∈V d i . If G is regular, i.e., d i = ∆ for each i ∈ V , then λ 1 = ∆ with the corresponding all-one eigenvector. Here we consider the largest eigenvalue λ 1 in case when G is not regular and show that there is no graph G such that
For other undefined notions, we refer the reader to [1, 2] . 
PROOF. Let x be a positive unit eigenvector of A corresponding to λ 1 . We have that
Since the maximum degree of G is ∆ and G is not regular, we have that
Thus,
From Cauchy-Schwarz inequality and |E|
, it follows that {i,j}∈E
holds. Let u and v be the vertices of G such that x u = max i∈V x i and x v = min i∈V x i , and let u = w 0 , w 1 , . . . , w k = v be a path between u and v in G. Then
So far, we have that
It remains to estimate x u − x v . However, it is very hard to do that (at least for the author), so we will use a simple trick. Let c > 0 be a positive number.
Since i∈V x 2 i = 1, we always have that
. There are three cases to consider:
Case II:
+ c holds for each i ∈ V , and by choosing s ∈ V with d s ≤ ∆ − 1, which is possible, since G is not regular, we get
which yields
In order for the expression on the right-hand side to be useful, it must be less than ∆, which is satisfied for c <
, in cases Ia and Ib we get that
Remarks
The best value for c would be a value that makes the upper bounds in cases I and II from the previous proof equal. This value is situated between
, and by using a computer algebra package we could find it explicitly. However, it cannot yield substantially better bound for λ 1 , since the bound ∆ − However, we do not know whether the bound in Theorem 1 can be improved with respect to the power of ∆ appearing in the fraction.
